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We show a case of steady flow in a granular gas that, for small shear rates, is accurately described
by Navier-Stokes hydrodynamics, even for high inelasticity. The (low density) granular gas is com-
posed of identical inelastic spheres and is fluidized by a temperature field produced by a stochastic
volume force plus thermal walls. We prove that the theoretical Navier-Stokes transport coefficients
exhibit good agreement with numerical solutions of the corresponding the kinetic equation (direct
simulation Monte Carlo method) in the steady state.
The transport properties of low density granular mat-
ter have been studied in a number of theoretical works
[1, 2] whose final objective is to be of use in applications
(granular matter is present in a variety of transport prob-
lems in different industry sectors) [3]. Due to kinetic en-
ergy loss during collisions, the inelastic particles need to
be continuously excited. In most real granular transport
problems, this implies some kind of energy input from the
system boundaries, which gives rise to inhomogeneous
steady flows. This may cause ultimately the hydrody-
namic description fail, if the spatial gradients of average
fields cease to be small compared to the typical spatial
variation rate of the microscopic length scale [1, 3, 4].
More specifically, for Couette-Fourier plane flows, it has
been shown and quantified the deviation from Navier-
Stokes (NS) description outside the quasi-elastic limit [5].
We show in this work that this failure may be con-
cealed for granular gases fluidized by volume forces, if
appropriate NS transport coefficients are used [6], even
at strong inelasticity. In the present work, the stochas-
tic force is an inhomogeneous field to which the granular
temperature adjusts locally. In particular, our stochastic
force field will mimic a Fourier flow. This makes sense
if we consider that the granular gas is fluidized by some
interstitial fluid that is heated from the boundaries, that
in our case are two infinite parallel walls. Moreover, this
kind of forcing is of practical interest since the stochastic
thermostat may resemble the fluidization produced by a
turbulent air flow [7], for instance. We will consider that
this force exactly balances inelastic cooling, thus produc-
ing a steady flow with uniform heat flux (like the Fourier
flow in a molecular gas) [8]. The steady base state in
this work - to the author’s knowledge- has not been re-
ported previously. In addition, we will also show that NS
hydrodynamics still holds if over the base Fourier flow a
small shear is input, this applying for a wide range of
inelasticity conditions.
This example of validity of NS hydrodynamic descrip-
tion for a steady granular flows at strong inelasticities
may support the idea that scale separation is not neces-
sarily always limited in an inherent way in rapid granular
flows, a point that has been debated in a number of works
on granular dynamics for a long time [3]. In fact, and as
we will see, NS hydrodynamics is valid here because the
base state has strictly the same spatial gradients size as
the Fourier state for a molecular gas [4]. This means that
this steady granular flow may be described in the frame
of NS hydrodynamics no matter how strong inelasticity
is, as long as the spatial gradients of the average fields
are small.
We deal with a set of inelastic smooth hard
disks/spheres with a diameter σ and a mass m. As usual
for inelastic smooth hard spheres, inelasticity is charac-
terized by the coefficient of normal restitution α [5, 9].
This coefficient ranges from 1 for purely elastic collisions
to 0 for purely inelastic collisions. Collisional rules for
this model may be found elsewhere [3]. The system is
limited by two infinite parallel hard walls, located at
planes y = ±L/2 respectively. The walls act like two dis-
tinct kinetic energy sources, characterized with tempera-
tures T±. They may have relative movement (wall veloc-
ities U± respectively), eventually inducing the particles
to continuously flow along the channel between them. In
addition, the inelastic particles interact with a surround-
ing kinetic energy source. We model this interaction by
means of a stochastic volume force with the form of a
Gaussian white noise [7, 10, 11], which we consider to be
in general a function of the spatial coordinate y. This
force, that we denote as Fst(y), fulfills at each y point
the conditions
〈Fsti (y, t)〉 = 0,
〈Fsti (y, t)Fstj (y, t′)〉 = 1m2ξ(y)2δ(y, t− t′), (1)
being ξ2 the noise intensity [10, 11], 1 the unit matrix in d
dimensional space and 〈A〉 indicates average of A. It is to
be remarked that whereas in other works this stochastic
force has a uniform intensity, here we consider a more
general situation where the interaction of the granular
gas with its surroundings is space-dependent, and thus
we have ξ(y). The white noise term is known to yield
a Fokker-Planck-like operator in the inelastic Boltzmann
equation,
2(
∂
∂t
+ v · ∇
)
f(r,v; t) − 1
2
ξ(y)2
∂2
∂v2
= J [v|f, f ], (2)
where J is the collisional integral for inelastic hard
spheres and whose expression may be found elsewhere
[3]. Taking into account the system geometries, and for
a steady state, the general kinetic equation (2) reduces
to
vy
∂f
∂y
− 1
2
ξ(y)2
∂2f
∂v2
= J [f, f ]. (3)
Integrating equation (3) times the three first velocity mo-
ments, we obtain mass, momentum and energy balance
equations. From now on, and as in [5], we will use a spe-
cial scaled space variable l that is related to y through the
relation
√
T/Tr∂/∂y = ∂/∂l. Here, Tr is the reference
unit of temperature, that we choose to be the granular
temperature at the point with its lowest value [5] (i.e.,
Tr = T−). We complete our set of units with m for mass,
nr for particle density (nr is the density at lower wall),
λr = Λ3/(
√
2nrσ
2) for length (mean free path at lower
wall) and ν−1r for time (with νr =
√
2Tr/m(nrσ
2/Λ3) the
collision frequency at the lower wall, since Tr = T−). In
these definitions, Λ3 = 5
√
2Γ(3/2)/8 [5]. From now on,
we will indicate reduced spatial coordinate as yˆ and anal-
ogously for all dimensionless magnitudes, except trans-
port coefficients. In this system, the relevant balance
equations, together with NS constitutive equations yield
[5]
∂pˆ
∂lˆ
= 0,
∂uˆy
∂lˆ
=
γˆ
η∗(α)
≡ a, (4)
∂2Tˆ
∂lˆ2
= Γˆ(α), (5)
where γˆ for this geometry is a constant and by definition
we call a the shear rate (constant and also dimensionless
[8]) and in (4) we have used that for NS hydrodynamics:
a) all diagonal elements of the stress tensor are equal
and thus equal to the hydrostatic pressure p, b) Pxy =
η(α)∂ux/∂y, c) qy = −λ∂T/∂y − µ∂n/∂y [9], with η
the viscosity and λ, µ the heat flux transport coefficients
(math procedures are analogous to those in [5], where
more details can be found). With the presence of the
stochastic volume force Γˆ(α) takes the form
Γˆ(α) ≡ φ3
β∗(α)
(
3
2
(
ζ∗(α)− ξˆ(lˆ)
2
Tˆ (lˆ)1/2
)
− η∗(α)a2
)
,
(6)
where φ3 = 6/15, β
∗(α) ≡ κ∗(α) − µ∗(α), that we call
effective thermal conductivity. The expressions of the
reduced transport coefficients (viscosity η∗(α), thermal
conductivity κ∗(α), and µ∗(α)), and cooling rate ζ∗(α)
that we used are the ones from the NS theory derived
by Garzo´ and Montanero for the granular gas heated by
the stochastic force (with constant ξ )[6], by means of
Chapman-Enskog theory [1, 2, 4].
As shown in a previous work, Couette-Fourier
flows are characterized by three independent micro-
scopic/macroscopic relative scales (or Knudsen numbers)
[5], which are: a, |Γˆ|1/2 and ∆Tˆ /Lˆ, with ∆Tˆ ≡ T+−T−.
A way to achieve a steady flow with small gradients, is
to look for flows with a = 0, Γˆ = 0 and ∆Tˆ /Lˆ . 1. Obvi-
ously, in order to achieve a steady flow we need some
source of inhomogeneity and thus we cannot keep all
three Knudsen numbers equal to zero. Since as we know
from previous works [5, 8] that ∆Tˆ /Lˆ is the one having
the smallest effect on deviations from NS hydrodynamics,
we choose precisely this number as not null for our refer-
ence state. Condition a = 0 is simply achieved by turning
off shearing from the boundaries; i.e. ∆U ≡ U+−U− = 0
and with condition Γˆ = 0 from (6) we obtain
ξˆ(lˆ)2 = ζ∗(α)Tˆ (lˆ)1/2. (7)
Condition Γˆ = 0; i.e., ∂2T/∂lˆ2 = 0 from (5), also implies
that heat flux is uniform throughout the system [5] and
therefore our base steady state is a new element of the
LTu class of granular flows [8]. On the other hand, it is
known that Γˆ = 0 solutions with T− 6= T+ lead to profiles
of the type Tˆ (lˆ) = Alˆ+B, where A,B are constants [5, 8].
Summarizing, we obtain profiles with the properties:
i) constant hydrostatic pressure pˆ, ii) null normal stress
differences Pii = Pjj , iii) constant qy and null qx, iv)
linear Tˆ (lˆ) profiles, or equivalently, Tˆ (yˆ)2/3 is linear in y
[8], and most importantly, v) their transport coefficients
are well described by hydrodynamics at NS order, as de-
duced from Chapman-Enskog theory. Properties i) to iii)
are fulfilled by all Couette-Fourier flows (as this one) at
NS order and condition iv) is fulfilled by all uniform heat
flux flows. Finally, condition v) is fulfilled by all flows
with not too strong gradients. That is to say, this new
type of steady flow is the first one to be reported that
fulfills all conditions for NS hydrodynamics even at high
inelasticities, and is an LTu flow [8].
We will prove i)-v) are fulfilled even outside the quasi-
elastic limit α ≃ 1 to inelasticities as high as α = 0.5.
For this purpose, we will compare theoretical results with
simulation data from Monte Carlo (DSMC) solution [12]
of the kinetic equation (3). For details on the compu-
tational methods see [5, 8]. Implementation of the term
coming from the stochastic force, is described for instance
in [11, 13]. In the present work, the only variation is that
noise intensity is space-dependent, following (7). For the
solution to be self-consistent, we have extracted simu-
lation temperature profiles from LTu states obtained in
a previous work [8], introducing them in condition (7).
3In the simulation data presented in all figures we have
considered a system with T+/T− = 5 and L = 15λ
(λ =
√
2pinσ2, n being the average density in the sys-
tem). We have checked that properties i) to iv) are in-
deed fulfilled in all simulations. In order check property
v) and to measure possible deviations from NS behavior
we have done simulations with gradually increasing rate.
These states have been obtained in DSMC by using the
same ξˆ(y)2 profiles as for a = 0 base states; i.e., those
fulfilling (7), but adding a shear. Thus, from (4), (6) and
(7) for our non-zero shear (a 6= 0) steady states
Γˆ(α) = − φ3
β∗(α)
η∗(α)a2 6= 0, (8)
and obviously as we increase shear rate a we gradually
depart from NS hydrodynamics as both a and |Γˆ|1/2 in-
crease.
Prior to comparing NS theory and simulation, it is
useful to inspect the behavior of the shear rate a as a
function of relative wall velocity ∆U , as extracted from
DSMC simulation data. As we can see in Fig. 1, all
points in constant ∆U series have approximately the
same shear rate, independently of the value of the co-
efficient of restitution α. This result is of help since it
implies that transport coeffcient graphs vs. α are at ap-
proximately constant shear rate a and hence constant
Knudsen numbers, since ∆Tˆ /Lˆ is kept constant in the
simulations and from (8) constant a implies constant
Γˆ. We also performed an additional series with varying
∆Tˆ /Lˆ (not shown in figures) and checked that the mea-
sured transport coefficients do not depend on its value,
analogously to the result in a previous work on granular
flows with uniform heat flux [8]. In Fig. 2 we present the
theory-simulation comparison for reduced viscosity η∗(α)
and effective thermal conductivity β∗(α), for several val-
ues of relative wall velocity. For the viscosity the agree-
ment between theory and simulation is excellent if shear
rate is small but for increasing shear rates the disagree-
ment increases. Respect to thermal effective conductiv-
ity, the agreement is very good in the full range of shear
rates and inelasticities represented here. In both cases,
the theory-simulation agreement in the region of high
inelasticity is improved when the distribution function
in the Chapman-Enskog method is not the Maxwellian
but an approximation to the solution of the homogeneous
state for the heated granular gas (slightly different from
Maxwellian [14]).
Next we look for other possible deviations from the NS
behavior in the simulations. We report in Fig. 3 (a) the
normal stress differences θx ≡ Pxx/p, θy ≡ Pyy/p mea-
sured in the simulations as a function of the coefficient of
restitution α, for several series at different constant shear.
As we see, deviations from the NS behavior (θi deviations
from unity) are small even at moderately high values of
shear. In this case the coefficient of restitution seems not
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FIG. 1. DSMC simulation data for shear rate vs. coefficient
of restitution α, for different relative wall velocities: ∆Uˆ = 0
with a = 0 (black, solid), ∆Uˆ = 0.25 with a ≃ 0.019 (black,
open), ∆Uˆ = 1 with a ≃ 0.04 (blue), ∆Uˆ = 3 with a ≃
0.10 (red) and ∆Uˆ = 5 with a ≃ 0.18 (green). For this and
following figures: T+/T− = 5, L = 15λ with λ =
√
2pinσd−1,
n being the average density in the system.
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FIG. 2. (a) Viscosity vs. coefficient of restitution α. (b)
Effective thermal conductivity vs. α. In both panels, lines
represent the results for the theoretical NS coefficient (solid
for standard Sonine approximation and dashed for improved
Sonine approximation) whereas the symbols stand for DSMC
simulations. Several DSMC series have been represented,
with increasing relative wall velocity: ∆Uˆ = 0 with a = 0
(black, solid), ∆Uˆ = 0.25 with a ≃ 0.019 (black, open),
∆Uˆ = 1 with a ≃ 0.04 (blue), ∆Uˆ = 3 with a ≃ 0.10 (red)
and ∆Uˆ = 3 with a ≃ 0.10 (green).
to have an important impact on the behavior of both θx
and θy, consistent with the behavior observed previously
in analogous LTu flows [15]. In Fig. 3 (b) we represent
the value of the cross conductivity coefficient, defined as
φ∗(α) = qx/(λ0∂T/∂y) [15], where qx is the heat flux
in the x direction (non-linear effect also), and λ0 is the
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FIG. 3. (a) DSMC data for normal stress differences θx ≡
Pxx/p, θy ≡ Pyy/p vs. coefficient of restitution α. Square
symbols stand for θx and triangles stand for θy. (b) DSMC
data for thermal cross conductivity φ∗ vs. α. In both panels,
solid symbols represent the no-shear case and open symbols
are the sheared states: ∆Uˆ = 0.25 with a ≃ 0.019 (black),
∆Uˆ = 1 (blue) with a ≃ 0.04, ∆Uˆ = 3 with a ≃ 0.10 (red),
∆Uˆ = 5 with a ≃ 0.18 (green).
heat conductivity for an elastic gas. As we can see, the
deviations from linear behavior (φ∗(α) = 0) are more sig-
nificant here. However, as expected, the NS behavior is
recovered for null/small shear rate (less than %4 devia-
tion respect to NS for the smallest shear rate series repre-
sented). Moreover, it is remarkable that these deviations
increase as we approach the quasi-elastic limit (i.e., more
inelastic flows show less significantly non-Newtonian be-
havior here). This is consistent with the fact that |Γˆ(α)|
increases as we approach the quasi-elastic limit [15], if
we are in the region Γˆ(α) < 0 like in our case. A higher
|Γˆ(α)| implies higher Knudsen number in the system and
thus a state further from equilibrium.
In summary, the transport properties observed in this
heated granular system confirm that NS hydrodynamics
applies for this system as long as the relevant Knudsen
numbers in the problem do keep small. More generally,
the fact that this observation is independent of the degree
of inelasticity supports the hypothesis that inelasticity by
itself does not cause necessarily the breakdown of scale
separation in granular gases. The dynamics behavior is
actually a bit more complex and the energy source neces-
sary to fluidize the system may cancel out the gradients
inherently produced by inelasticity, bringing the granular
gas back to the realm of NS hydrodynamics. In fact the
theory-simulation disagreement observed here for the vis-
cosity and thermal conductivity as inelasticity increases
is consistent with the failure of the Sonine approxima-
tion used in the zeroth order distribution function (and
for this reason the DSMC data agree better with the im-
proved Sonine approximation, see Fig. 2), and not with
a failure of hydrodynamics.
Furthermore, Figs. 2-3 indicate a natural limit for
NS hydrodynamic in this type of configuration, since the
non-linear effects appear first for elastic gases in this case
(in particular, see Fig. 3 (b)). Therefore, we show more
evidence in this work that NS hydrodynamics is valid
for granular gases just in the same way is for molecular
gases: as long as the spatial gradients are not large. This
result is general so we can apply NS hydrodynamics to
systems and problems derived from the one in this work.
For instance, to granular segregation in LTu flows [16].
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